Another distinguished feature is the numerical integration. In strain-smoothing approach, the 58 numerical integration performs on the boundaries of smoothing domains as the line integration while 59 it performs in the element in FEM. Note that since the numerical integration is performed globally in 60 the proposed method, the Jacobian matrix is not required. To compute the strain-displacement matrix, For the nonlinear CS-FEM approximation, the following smoothed infinitesimal strain tensor over smoothing domain Ω is given as [6] :
where a point x k is located in smoothing domain and Φ (x) is the weight function. Using the divergence 67 theorem, the smoothed strain can be rewritten as:
where A s k is the area of smoothing domain, Γ s k is the boundary of smoothing domain and n is the 69 outward normal vector in the form of the following matrix in two dimensions:
The details of the method are given by Lee [15] . However, brief information of the smoothed
71
Galerkin weak form and its linearization is given as follows:
where v is the set of admissible test function and F is the smoothed deformation gradient evaluated 73 over each smoothing domain. Equation (4) can be expressed with the energy function R (u) and its 74 directional derivatives DR (u) · u:
where i, j, k, l ∈ {1, 2} for tow dimension and W is the stored strain energy function.
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To find an approximate solution to Equation (4), the Newton-Raphson iterative method is 77 employed. At iteration iter + 1, knowing the displacement u iter from iteration iter, find r iter that 78 satisfies:
Therefore Equations (5) and (6) can be rewritten as follows:
and
whereC is the smoothed right Cauchy-Green deformationC =F TF .
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The global system of equations at each iteration can be written as:
thus, the displacement u is obtained by the iteration method:ū iter+1 =ū iter + r iter . In the conventional strain smoothing method, the smoothing function f is a constant, that is f (x) = 86 1. This smoothing function is suitable for the strain smoothing approach with linear quadrilateral or 87 triangular elements. However, when the quadratic elements are used in S-FEM, the given smoothing 88 function cannot be used (Francis et al. [13] ). Therefore, to use quadratic elements, the following linear 89 polynomial basis is chosen as the linear smoothing function:
and its derivative is f ,j (x) = 0 δ 1j δ 2j T .
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The right hand side of Equation (1) with the smoothing function would yield the basis function 92 derivatives level, which can be expressed as follows:
where Ψ is the set of the shape functions. Note that in this work, Lagrange basis functions are used as 94 shape functions. For two dimensional problems, Equation (12) with the linear smoothing function (see 95 Equation (11)) can be expanded as follows:
for Ψ a,1 and Ψ a,2 , respectively.
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The cell-based smoothing domains are also used for the numerical integration for Equations (13) 99 and (14). Figure 3 shows the numerical integration scheme for the proposed cell-based strain-smoothed 100 method. In the proposed method, the finite element cell does not require to be divided into sub-cells 101 as the conventional CS-FEM. Namely, the finite element cell is the target cell and smoothing domain in 102 this case. Another feature that can be found in Figure 3 is the number of Gauss points. The proposed scheme 104 has two different Gauss point locations: first location can be found on the boundaries of smoothing 105 domains and another is the interior Gauss points. Three interior Gauss points and two Gauss points system of equations is applied to evaluate the smoothed strain-displacement matrix:
where
The coordinates of the m th interior Gauss points are defined as m r = ( m r 1 , m r 2 ) and their weights 111 are given as m w. On the other hand, the coordinates of g th Gauss points strain-displacement matrix can be obtained:
where the nodal strain-displacement matrix evaluated at the k th interior Gauss points is expressed as:
(20)
Results
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In this section, the validity and stability of the proposed linear smoothing function for the 
where Lamé's first parameter λ = κ − (1/2) µ is defined using the shear modulus µ and bulk modulus gradient and first Piola-Kirchhoff stress tensor are defined, respectively:
where k > 0 and its strain energy using Equation (21) is given as:
The present work uses k = 1 for the deformation gradient. To compute the strain energy, the 
where λ 1 = 1.15, λ 2 = 1/λ 1 and λ 3 = 1. Hence P 11 = −P 22 = 0.16826087 and the strain energy is This test is a non-homogeneous deformation example known as "Not-so-simple" shear 161 deformation with Dirichlet BCs. As shown in Figure 8 , the geometry of this problem is (0, 2) × (0, 2) 162 and its deformation gradient is given in Equation (27). 
where k > 1. The exact solution in strain energy is given as W = µ 2 (2kX 2 ) 2 = 2µk 2 X 2 2 = 1.6 since the 164 shear and bulk moduli are the same as simple shear deformation. As given in Figure 10a , the displacement error for FEM and proposed CS-FEM is almost identical.
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The convergence of relative error in strain energy is given in Figure 10b . In this case, the present 169 method is more accurate than FEM. For the implementation of Dirichlet BCs, the following cylindrical coordinates in Cartesian 175 coordinates are defined:
where (x, y, z) are the current Cartesian coordinates and (X, Y, Z) are the initial Cartesian coordinates.
177
Thus the deformation gradient for this test can be obtained as:
where f (X), g (Y), f (X) and g (Y) are:
where the bending factor α = 0.9 is used for this work. Hence, the exact strain energy can be computed along each side are used: 1) case 1 is 2 × 4, 2 × 8, 2 × 12, 2 × 16, 2 × 20, 2 × 24, 2 × 28, 2 × 32 and 2) 184 case 2 is 4 × 4, 4 × 8, 4 × 12, 4 × 16, 4 × 20, 4 × 24, 4 × 28, 4 × 32. When the bending factor α is bigger, 185 the deformed shape becomes a circle as shown in Figure 12 . Figure 13 provides the convergence of displacements and strain energy relative errors in two 187 cases. For both FEM and CS-FEM, relative errors in displacements are almost the same in two cases 188 as shown in Figure 13a . However, the strain energy relative error for the proposed method in two 189 different cases is identical and more accurate than FEM. 
